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Abstract 

We consider a special class of Finsler metrics — square metrics which are defined 
by a Riemannian metric and a f-form on a manifold. We show that an analogue of the 
Beltrami Theorem in Riemannian geometry is still true for square metrics in dimension 
7i > 3, namely, an n(> 3)-dimensional square metric is locally projectively flat if and 
only if it is of scalar flag curvature. Further, we determine the local structure of such 
metrics and classify closed manifolds with a square metric of scalar flag curvature in 
dimension n > 3. 
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1 Introduction 

It is the Hilbert's Fourth Problem to study and characterize locally projectively flat metrics. 
The Beltrami Theorem in Riemannian geometry states that a Riemannian metric is locally 
projectively flat if and only if it is of constant sectional curvature. Thus the Hilbert's Fourth 
problem is completely solved for Riemannian metrics. For Finsler metrics, the flag curvature 
is a natural extension of the sectional curvature. It is known that every locally projectively 
flat Finsler metric is of scalar flag curvature. However, the converse is not true. There 
are Finsler metrics of constant flag curvature which are not locally projectively flat ([3]). 
Therefore, it is a natural problem to study Finsler metrics of scalar flag curvature. This 
problem is far from being solved for general Finsler metrics. Thus we shall investigate Finsler 
metrics in a simple form, such as Randers metrics, square metrics or other (a, /3)-metrics. 
Randers metrics are among the simplest Finsler metrics in the following form 

F = a + f3, 

where a is a Riemannian metric and j3 is a 1-form satisfying \\/3\\ a < 1. After many mathe- 
matician's efforts (PQ [T2] [T3J Q3] Q2] [20]): Bao-Robles-Shen finally classify Randers metrics 
of constant flag curvature by using the navigation method ([3;). Further, Shen-Yildirim clas- 
sify Randers metrics of weakly isotropic flag curvature [TB] . There are Randers metrics of 
scalar flag curvature which are not of weakly isotropic flag curvature or not locally projec- 
tively flat ([8] [H]). Besides, some relevant researches are refereed to [6] [17] [21], under 
additional conditions. So far, Randers metrics of scalar flag curvature remains mysterious. 

Recently, a special class of Finsler metrics, the so-called square metrics, have been shown 
to have many special geometric properties. A square metric on a manifold M is defined in 
the following form 
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where a = \/aijy^p is a Riemannian metric and /? = biy 1 is a 1-form with \\/3\\ a < 1. L. 
Berwald first constructed a special projectively flat square metric of zero flag curvature on 
the unit ball in R n ([!]). In [T5], Shen-Yildirim determine the local structure of all locally 
projectively flat square metrics of constant flag curvature. Later on, L. Zhou shows that a 
square metric of constant flag curvature must be locally projectively flat f[2~4"]). 

In this paper, we study square metrics of scalar flag curvature and determine the local 
and global structures of square metrics of scalar flag curvature in dimension n > 3. More 
precisely, we have the following results. 

Theorem 1.1 Let F = (a + (3) 2 /a be a square metric on an n(> 3) -dimensional manifold 
M, where a = y^aij(x)y l y : > is Riemannian and /3 — bi(x)y' 1 is a 1-form. Then F is of scalar 
flag curvature if and only if F is locally projectively flat. 

The scalar flag curvature K in Theorem 1 1.1 1 can be determined (see (IT6|) and (|53|) below). 
To prove Theorem 11.11 we first characterize square metrics of scalar flag curvature in terms 
of the covariant derivatives bjij and the Riemann curvature R l k of a (Theorem 13.11 below) . 
Then Theorem 11.11 follows directly from Theorem 13.11 In Section 2] based on Theorem 13. 1( 
we use a special deformation on a and (3 to obtain the local structure of square metrics of 
scalar flag curvature in dimension n > 3 (see Theorem 14. II below) (cf. [35] [33] introducing 
some deformations for projectively flat (a, /3)-metrics). In Section [5] we use Theorem 13.11 
and Theorem 14.11 below to give the local structure of a square metric which is of constant 
flag curvature (see Corollary 15.11 below) (cf. [19] |24j ) . 

More important is that, based on Theorem l3.il we can use the deformation determined 
by ([51]) to obtain some rigidity results (see Theorem 11.21 below). We will prove in Section 
[4] that, under the deformation determined by ([54]) . if a and (3 satisfy (fl2|l (TT5|) below, then 
h = is a Riemann metric of constant sectional curvature (put as n) and a; is a closed 
1-form which is conformal with respect to h^. Put = \/hijy % yi , and the covariant 
derivatives lOju of ui = Wiy % with respect to satisfy 



for some scalar function c = c{x) (see ([57]) below). Let Vc be the gradient of c with respect 
to and then 



is a constant (Lemma 16.11 below) . We need c and 8 in the following theorem. 

Theorem 14.11 and Corollary 15.11 below are just local classifications. If we assume the 
manifold M is compact without boundary, then we have the following rigidity theorem. 

Theorem 1.2 Let F = (a+/3) 2 /a be a square metric on an n-dimensional compact manifold 
M without boundary. 

(i) Suppose n > 2 and F is of constant flag curvature. Then F = a is Riemannian, or F 
is locally Minkowskian. In the latter case, F is flat-parallel (a is flat and (3 is parallel 
with respect to a). 

(ii) Suppose n > 3 and F is of scalar flag curvature. Then one of the following cases holds: 

(iia) If /i < in (QJ), then F = a (= h^) is Riemannian. 

(iib) If jU = in (QJ), then F is flat-parallel. 



Wiy = -2chij 



(1) 




(2) 
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(iic) If fi > in (QJ), then a and f3 can be written as 

a = 4/x-V-c 2 )V /3 = 4 M -t v /p2_ c 2 C0; ( 3 ) 
where c and S are given by (QJ) and @) ; and 



c x i, c := c^, p 2 := <5> + A«/ 4 - ( 4 ) 



Further, the scalar flag curvature K satisfies 



K 



16 



/3^ 



-3 



(l + L) (/9 2_ c2) s (5) 
a J 



/V45 2 + /z 2 " " p^/WTpJ 

The ideas shown in the proofs for Theorem 14.11 below and Theorem 11.21 above can be 
applied to solve similar problems. For example, we can apply such an idea to give another 
direct proof to the local and global classifications of Randers metrics which are locally 
projectively flat with isotropic S-curvature (cf. [5]). 

2 Preliminaries 

In local coordinates, the geodesies of a Finsler metric F = F(x, y) are characterized by 
where 

G*:= \g il {[F\ kyl y k -[F 2 } xl }. (7) 
For a Finsler metric F, the Riemann curvature R y = R l k {y)-^-; <8> dx k is defined by 

Bf : = 2^ - y> d2 . Gi + 2C* - — — . (8) 

fe dx k dx^dy k dy^dy k dyi dy k 

The Ricci curvature is the trace of the Riemann curvature, Ric := R m m . A Finsler metric 
is called of scalar flag curvature if there is a function K = K(x, y) such that 

R\ = KF 2 (8l - y*y fc ), y k := (l/2F 2 ) y , yk y\ 

A Finsler metric F is said to be projectively flat in U, if there is a local coordinate system 
(U, x l ) such that G % = Py l , where P = P(x, y) is called the projective factor. 

In projective geometry, the Weyl curvature and the Douglas curvature play a very im- 
portant role. Put 

Dm 

A\:=R\-R5l, iZ:=— 2L. 

n—1 

Then the Weyl curvature W\ are defined by 

W\:=A\ L —^±y\ (9) 

k k n + 1 dy m y ' 
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The Douglas curvature D£ jk are defined by 



a3 i f)C ri 

i _ ( r-ii f^im „ ,i\ /~iw 



dy h dyidy kK n+1 myj: m ' dy m ' 

The Weyl curvature and the Douglas curvature both are projectively invariants. A Finsler 
metric is called a Douglas metric if - k = 0. A Finsler metric is of scalar flag curvature 
if and only if W\ = 0. It is known that a Finsler metric in dimension n > 3 is locally 
projectively flat if and only if W\ = and D h l jk = ([IT]), 

In literature, an (a, /3)-metric F is defined as follows 

F = acj){s), s = — , 
a 



where (f)(s) is some suitable function, a — y/ ' aij{x)y l y^ is a Riemann metric and /3 = bi(x)y l 
is a 1-form. If we take <p(s) = 1 + s, then we get the well-known Randers metric F = a+/3. In 
this paper, we will study a class of special (a, /3)-metrics — square metrics, which are defined 
by taking (f>(s) = (1 + s) 2 . 

To compute the geometric quantities of square metrics, we first give some notations and 
conventions. For a Riemannian a = \f<Mjy^f and a 1-form /3 = bty 1 , let 

Qij • — fi m S j, tij . — Si 7n S j , 7j' . — 6 T\j , Sj" . — b Sij , 

where we define b % := a^bj, (a 1 -?) is the inverse of (o^), and V/3 = biuy b dx^ denotes the 
covariant derivatives of /3 with respect to a. Here are some of our conventions in the whole 
paper. For a general tensor as an example, we define Tio := Tyy 3 and Too : — Tijy l y J 
etc. We use to raise or lower the indices of a tensor. 



se or low 

Let F = (a + /3) 2 /a be a square metric, and then by ([7]) we have 



2 (1 — 2s s l(T _1 7; i 4- ft 1 ' 

G ' = G " + 1=7°*° + l + 2fr 2 - 3s 2 (r °° " 2a ° So) ' (10) 

Now by (j9]) and (fT0|) . we can get the expressions of the Weyl curvature tensor W l k for an 
n-dimensional square metric F = (a + (3) 2 /a. Assume F is of scalar flag curvature, and 
then multiplying W l k = by 

(n 2 -l)(l-s) 4 (l + 2fe 2 -3s 2 ) 5 a 4 , 

we have 

fo(-s) + f 1 (s)a + --- + f 6 (s)a e = 0, (11) 

where /,-(s)'s are polynomials of s with coefficients being homogenous polynomials in (y l ). 
Starting from (|11[) . we are mainly concerned about the computation of the following terms 

Tij , Tij | k , q^j , t ij , . 

We show some ideas in dealing with the equation (ITU) . The key idea is to choose some 
suitable polynomials in s to divide our equations, and then get some answers by isolating 
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rational and irrational terms. In the proof of Theorem 13.11 below, our polynomials in s 
singled out are 

1 + 2b 2 - 3s 2 , 1 - s. 

Note that the meaning of the divisibility of an equation by a polynomial in s should be 
understood in the way as show in the following proof. 

3 Scalar Flag Curvature 

In this section, we study square metrics of scalar flag curvature. We have the following 
theorem. 

Theorem 3.1 L et F = (a + f3) 2 /a be a square metric on an n(> 3) -dimensional manifold 
M , where a = W 'aijy l yi and (3 = biy 1 . Then F is of scalar flag curvature if and only if the 
Riemann curvature R l k of a and the covariant derivatives b^u of f3 with respect to a satisfy 
the following equations 

b i{j = r{(l + 2b 2 )a %3 -3b t b 3 }, (12) 
R\ = \(a 2 5l-y*y k ) + 2i 1 ((3 2 Sl+a 2 Vb k -(3Vy k -(3b k y*) 7 (13) 
r x i = ubi, (14) 

where r = t(x), A = X(x) are scalar functions on M and n,u are given by 

r] := X + 4(2 + b 2 )r 2 , u := -(7 + 4b 2 )r 2 — A. (15) 

In this case, F is locally projectively flat, and the scalar flag curvature K is given by 

K = J2 {l A + t 2 (5 + 4& 2 )]« + (V ~ 3r 2 )/?}. (16) 

Proof : We will deal with the equation W l k = step by step. By the method described in 
the above section, we get a formula for W\ which is expressed in terms of the covariant 
derivatives of /3 with respect to a and the Riemann curvature of a. 

Lemma 3.2 For a scalar function c = c(x), the following holds for some k, 

ctb k — sy k ^ mod (s + c). 

Proof : Suppose ab k — sy k can be divided by s + c for all fc, and then we have 

a(ab k - sy k ) = (f k + g k a)a(s + c), 

where f k are 1-forms and g k = g k [x). Thus we have 

(bk - cg k )a 2 - (cf k + [ig k )a - f3(y k + f k ) = 0, 

which imply 

cfk + Pgk = 0, b k - cg k = 0, y k + f k = 0. 
Now it is easy to get a contradiction from the above. Q.E.D. 

Now in the following, we start our proof step by step from (fTTj) . 
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Firstly (fTTj) can be written in the following form 

Equ = 6A8(n-2)(l + s) 2 (l-s) 4 s 3 ( a b k ~sy k )y l [(s-l)r 0Q + Aas Q ] 2 

+C l k (l + 2b 2 - 3s 2 ) = 0, (17) 

where Ct can be written in the form 

fo(s) + fi(s)a + ■■■ + f m (s)a m = 0, (18) 

for some integer m. Now it follows from 

Eqi = mod (1 + 2b 2 - 3s 2 ) 

that 

(1 + s) 2 (l - s) 4 s 3 (ab k - sy k )y i [(s - l)r Q0 + 4as ] 2 = mod (1 + 26 2 - 3s 2 ). (19) 
Lemma 3.3 Suppose 

(s - l)r Q + 4as ee mod (1 + 2fc 2 - 3s 2 ). (20) 

T/ien we have 

r 00 = ra 2 (l + 2& 2 -3s 2 ), s = 0, (21) 
where r = t(x) is a scalar junction. 

Proof : Eq. ([2U)l implies that there are a 1-form / and a scalar r = t(x) satisfying 

a[(s - l)r 00 + Aas ] = (/ - ™)a 2 (l + 2& 2 - 3s 2 ), 

which can be written as 

r(l + 2& 2 )a 3 - (/ + 2fe 2 / - 4s )a 2 - (3r/3 2 + r 0Q )a + /3(3//3 + r 00 ) = 0. 

Therefore we have 

r(l + 26 2 )a 2 -(3r/3 2 +r 00 )=0, 
-(/ + 26 2 / - 4s )a 2 + /3(3//3 + r 00 ) = 0, 
in which we solve roo from the first, and then plugging it into the second gives 

4a 2 s + [(1 + 2b 2 )a 2 - 3/3 2 ] (r/3 - /) = 0. 

Clearly we have s = 0. Thus (JUJ holds. Q.E.D. 

Now we have (|20l) by (fH?)) and Lemma I3~2l and then (|2"Tj) holds by Lemma |3~51 Then by 
(|2"Tj) we can obtain the expressions of the following quantities: 

foo, n, r™, r, r 00 | , r |o, r o|fc, r k0 \ m , r k \o, Sk\ m , t k , qkm, qk, b m q 0m , etc. 

For example we have 

roa\o = (1 + 2b 2 - 3s 2 )r a 2 - 2s(l + 86 2 - 9s 2 )r 2 a 3 , n := r x », 

and 

Sfc|m = 0, t k = 0, q km = t(1 + 2b 2 )s km , q Q0 = 0, q k = 0, & m g m = 0. 

G 



Plug all the above quantities into (jTTJ) and then multiplied by 1/(1 + 2b 2 — 3s 2 ) 5 the 
equation (fl~7|) is written as 



Eq 2 := Dl(l - s) + I2(n + l)a 2 (ab k - y k )y l t o = 0, (22) 
■rm of the left hand side 
Eq2 = mod (1 — s) 



where D k can be written in the form of the left hand side of (|18p . It follows from 



that 

{n + l)(ab k -y k )y l t oo = mod (1 - s). (23) 

Lemma 3.4 Suppose 

t 00 = mod (1 - s). (24) 

TTien we have 

too = 7(" 2 " /? 2 ), (25) 

where 7 = 7(2;) is a scalar function. 
Proof : Assume (jM]) hold. We have 

ioo = (/ + ja)a(l - s), 
where / is a 1-form and 7 = 7(1) is a scalar. Then we can easily get (|25|) . Q.E.D. 
Now by dHJ we have (|2"3|). So we get (J25J by Lemma EH Then we have 

*«) = 7(W - Ph), C=7(n- 6 2 ). (26) 

Plug (jUJ and ((261) mto ([22]) and then multiplied by 1/(1 - s) the equation ((22j) is written 

as 

Eq 3 = 0. (27) 

It follows from 

Eq-j = mod (1 — s) 

that 

3(n - l)s i0 Sfe + 7(a6 fe - ?/fc)[(n - 1)q6, ; - (3 + & 2 )y 4 ] = mod (1 - s). (28) 

Lemma 3.5 Suppose $28]) holds for some scalar 7 = 7(2;). Then [3 is closed. 

Proof : Equation (j2"8")l implies 

3(n - l)s j0 Sfc + 7(0-6* - [(n ~ l)abi - (3 + b 2 )^] = + a ik a)a(l - s), (29) 

where fn- are 1-forms and er^ = o~i k {x) are scalar functions. Eq. (|29[) can be rewritten as 

[(n - l)jbib k - ffife] a 2 - [(7(3 + 6 2 )?/i6 fe + (n - 1)760/* + - /3cr ifc ] a 

+ (3 + 6 2 ) 72/i?A + 3(n - l)« i0 s M + / tt j8 = 0. (30) 

It shows that (|30)) is equivalent to 

7(3 + 6 2 )y. t 6 fc + (n - 1)76^ + /« - /3<r« = 0, (31) 



[(n - lhhbk - a lk ] a 2 + (3 + 6 2 ) 72 / l2/fc + 3(n - l)s j0 s fc0 + / ifei S = 0. (32) 
Solve /ife from ([31]) and plug them into ([32]), and then we obtain 

(/3 2 - a 2 )CTifc - 7/3 [(n - + (3 + & 2 )6fcy t ] + 3(n - l)s iQ s k0 

+7 [(n - l)a 2 &A- + (3 + b 2 )y lVk \ = 0. (33) 

Exchanging the indices i and k in ([33|) gives 

(/3 2 - a 2 )a ki - lP[{n - l)bkVi + (3 + b 2 )biy k \ + 3(n - l)sios ko 

-Hy[(n - lJaVk + (3 + & 2 )^ fe ] = 0. (34) 

From ([221) and O we get 

(n - 4 - b 2 hP{b m - b lVk ) - (a 2 - /3 2 )(a lfc - tr w ) = 0. (35) 

Since < 6 2 < 1, we get n — 4 — b 2 ^ 0. Thus by ([33]) we easily get 7 = 0. Plugging 7 = 
into ([24]) we have 

(/3 2 -a 2 H 4 +3(n-l)s 40Sfco =0. (36) 

Now we see clearly that Sio — from (|36p . that is, /3 is closed. Q.E.D. 

Now by Lemma 13.51 (3 is closed. Then we see that (TT2]) holds by ([2T]) and the fact that 
(3 is closed. 

Further, since fi is closed by Lemma 13.51 the terms Sij, Sij\ k ,tij, etc. all vanish. By this 
fact, we see ([2"?]) has become very simple, and we can get the Weyl curvature Wi k := cl^W™ 
of a given as follows 

2 2 

Wik = -b m u m {a 2 a lk - yiy k ) -f3u} a ik 

n — 1 n — 1 

2 

H — 5 — 7[( 2n _ - (n - 2)w 6fc]2/i + 1u Q biy k - 2a 2 b t uj kl (37) 



where Tj := iv and 

w« := Ti - r 



Lemma 3.6 {37p <=>• and (7 

Proof. => : By ([37)) we have 
2 

W^ife - W fci = -= [(2n - l)/3w fc - (n 2 + n - 3)a; 6 fe ] w - 

2 

— [(2rt - l)/3a;i — (n 2 + n - 3)oJobi] y k + 2(uj l b k - oj k bi)a 2 . (38) 

r\r — 1 

On the other hand, by the definition of the Weyl curvature Wi k of a we have 

W ik = Rik — -Rico a ik H l —Ric kQ y il (39) 

n — 1 n — 1 

where := ai m R"l and Rici k denote the Ricci tensor of a. Using the fact Ri k = R k i we 
get from ([22]) 

Wife - W kl = (fficfeoj/j - Ric i0 y k ) . (40) 

n — 1 ' 
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Then by O and 00} we obtain 

Ty k - TkVi + 2(n 2 - l)((Jib k - oj k b t )a 2 = 0, (41) 

where we define 

Ti := (n + l)Ric i0 - 2(2n - l)0uii + 2(n 2 +n- 3)w &i- 
Contracting (|4"Tj) by we get 

[Ti + 2{n 2 - l)(w t p - uobi)] a 2 - T y x = 0. (42) 
So there is some scalar function fj — fj(x) such that 

T = -(n + l)fja 2 . (43) 
Then by the definition of T and (|4"3"|) we have 

fficoo = -77a 2 - 2(n - 2)/3u> , BiCio = ~Wi - (« - 2)(/3w J + 6jW ). (44) 
Plugging d33} into (g5J| we get 

(n - l)(n- 2)a 2 (/3u; l - 6^ ) = 0, 
which imply that there is some scalar function u = u(x) satisfying 

lu 1 = (u - r 2 )b t . (45) 
Now plugging ((33]) and (g5J into ([37]) and (J3S) we obtain 

-Rifc = \(a 2 a ik 
where we define 

A 

Clearly, (|4"6"]) is just ([TB"]) . We get ([T4"]) for some it = by (|45[) and the definition of cjj. It 
follows from (|47[) that u = t 2 — r\. In the following, we will further determine r\ and u given 
by CE5]). 

<*= : We verify that both sides of (J37J are equal. By flT3J) we have fl33])- Since ([55]) 
naturally holds, we plug (l4"4l and (|13l) into (|3"9"]l and then we obtain the left side of ([3"T]) . By 
lfl~4"]) we get (143]) . Then plugging (143]) into the right side of (I3T]) we obtain the result equal 
to the left side of fl37J. Q.E.D. 

Now we show that a square metric of scalar flag curvature in dimension n > 3 is locally 
projectively flat. First, we have the vanishing Weyl curvature W\ = 0. Second, by (fl"2]) 
F is a Douglas metric ([9]). Therefore it follows from the result in [11] that F is locally 
projectively flat. 

In the final we compute the scalar flag curvature and prove that 77, u are given by (|15[) . 
As shown above, W l k = and then F is of scalar flag curvature. Plug (|12I) - ([T4]) into the 
Riemann curvature R l k of F, where u = t 2 — 77 (see (|47p h and then a direct computation 
gives 

R\ = KF 2 (Sl - F-^F yk ) + 2 -h^^±^l F [sF yk - (1 + sfb k ]y\ (48) 



y l y k ) + 2r](/3 2 a ik + a 2 bib k - /3biy k - fib k yi), 



(46) 



2{u-T 2 )b 2 -f) 2 

, r):=T -u. 

n — 1 



(47) 
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where the expression of K = K(x,y) is omitted. Since F is of scalar flag curvature and 
n > 3, by |48|) we must have 

?7 - A - 4(2 + 6 2 )t 2 = 0. (49) 

Thus we get r\ given by (|15p . Plug r\ given by (|15|) into K, and then we obtain the scalar 
flag curvature K = K given by (| 16[) . By u — r 2 — r\ and 77 in (|15p . we get u given by (|15p . 
So far we have completed the proof of Theorem 13. II Q.E.D. 

4 A deformation and local structures 

In this section, we give the local structure of a square metric of scalar flag curvature based 
on Theorem 13.11 In [22] [23], C. Yu introduced metric deformations for projectively flat 
(a, /3)-metrics F = a<f>(/3/a). In particular, he determines the local structure of locally 
projectively flat square metrics for the dimension n > 3 in a different way. 

Theorem 4.1 Let F = (a + (3) 2 /a be a square metric on an n(> 3)- dimensional manifold 
M . Suppose F is of scalar flag curvature. Then we can express a and j3 as 

>-TTV (50) 

where lu is a closed 1-form which is conformal with respect to h^. If takes the local form 
below, then a and (3 can be locally expressed as 

f> = T^\<*,v) + *f^<*,v)l (51) 



i + /iM 2 M ' H l + ^M 2 L x ,y/ 1 + /1N 

where a = o~(x) is defined as 



o- := sj [fc 2 + (1 + \a\ 2 )n] \x\ 2 + {2k - n(a,x))(a,x) + |a| 2 + 1, (52) 

and k is a constant and a = (a 1 ) £ R n is a constant vector. In this case, K in \16\) can be 
rewritten as 

(fc 2 + M + M H 2 )(l + / iN 2 ) 3 a 3 

K = ? VTW (53) 

Proof : Here we will give a direct proof using (|12J>. (IT31) and (fl^)) . Let 



h := (1 - 6 2 )a, u := v 7 ! - & 2 /3, (54) 

where b := \\/3\\ a . For the metric deformation in (|54j) . we will prove that h is of constant 
sectional curvature and u is a closed 1-form which is conformal with respect to h. 
Put 

w := \\ui\\ h - 

By (|54|) we have 

- 2 = (^) 

By (fT2|) . a direct computation gives 

G) l = Gj l -2r/3 2/ i + ra 2 ^. (56) 
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Then by (H2J) and j55J we get 



hij (= -2c/i„), (57) 



where the covariant derivatives are taken with respect to h, and the scalar function c = c(x) 
can be determined (see below). Now (jSTf implies that uj is a closed 1-form which is 
conformal with respect to h. 

By (1551) and (TT2"j) . a direct computation shows 

iT fc = i? l fc + 2(/34 + b k y l - b%)r + 2(a 2 b l - 2f3f)r k + 

2r 2 [2(1 + b 2 ){a 2 8\ - y l y k ) - (3 2 S l k - a 2 Vb k + p{b% + b k y 1 )} , (58) 

where R l k and R r k are the Ricmann curvatures of h and a respectively, and y k '■= a km y m . 
Then plugging (TT^j) into (1551) we obtain 

= R\ + 4r 2 (l + b 2 )(a 2 5l - y l y k ) - 2 V (/3 2 Sl + a 2 Vb k ~ (3b% - fihy'). (59) 

Then by CE3]) and (JSHJ) we get 

R\ = [\ + A(l + b 2 )T 2 ]{a 2 Sl-tfy k ) 
A + 4(l + 6 2 )r 2 „ 



(i - b 2 f 



-(h*5l-y*y k ), (60) 



where y k := h km y m . It follows from (IBTfl) that is of constant sectional curvature. We put 
it as fj,, and then we obtain 

A = M (1-6 2 ) 2 -4(1 + 6 2 )t 2 . (61) 

So far we have proved that h is of constant sectional curvature and w is a closed conformal 
1-form under the change (154| . Thus in some local coordinate system we may put h — as 
follows 



^{l + ^x\ 2 )\y\ 2 -v(x^f 
Meanwhile, by ([57)1 we obtain the 1-form lu = wiy 1 given by 



h » = ?— • ( 62 ) 



fc - /x(a, x))x l + 1 + p a: 2 o' ; /— — i , . 

= ——3 , to =V 1 + MR (fcz + <*)• (63) 

(1 + /i|x| 2 )2 

where fc is a constant and a = (a 1 ) is a constant vector, and = hi m w m . In this case, the 
function t in (|57|l is given by 



(l + /i|ar| 2 )(A;-/i(o,x)) 



(64) 



where a is defined by (1521 . By (|55)) we have 



w 2 = |M| 2 , = H 2 + kM 2 + ^x)-^x) 2 (g5) 



By J5J]) and (J55J we get 

h 



, _ , , - (1 + ™ 2 )^, /3 = ^ /T — p = vW w. (66) 
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Then by (JB2J), §5$), §B and (J55J) we get {5TJ for a and /3. 

Finally, we show the expression of K given in ([53]) . Differentiate r in ([64]) by x % and then 
we can get the function u in (|14p given by 



2\2 



^1- { [(1 + H V + fcV] kl 2 + z} 2 + (1 + |a| 2 - 4k(a, x))n + 3k 2 }. (67) 

Now by ((Til), dSI]), d64]), (JB5J) and <(67l), we can rewrite dHJ) in the form ([53]). Q.E.D. 



5 Constant flag curvature 

Corollary 5.1 Let F = (a + ft) 2 /a be a non-Riemannian square metric on an n(> 2)- 
dimensional manifold M . Then F is of constant flag curvature if and only if H2\) - HTb^) hold 
with 

A = -(5 + 46 2 )t 2 . (68) 

In this case, the constant flag curvature K = 0, and further, either a is flat and f3 is parallel 
with respect to a, or up to a scaling on F , a and j3 can be locally expressed in the following 
forms 



(l + (a,x)) 2 ^(l- N 2 )|y| 2 + (^) 2 

l-|x| 2 l-\x\ 2 ' 1 ' 

(l + (a,x)) 2 f (a,y) (x,y) } 

P 1 — |cc| 2 \l + (a,x) l-\x\ 2 )' { ' 

where a = (a 1 ) £ R n is a constant vector. 

Based on Theorem 13. 11 we can only prove Corollary [53 for the case n > 3, and the case 
n > 2 has been verified in [TO] [21] • In a different way, L. Zhou gives the characterization of 
square metrics with constant flag curvature ([24]), which is just the former part of Corollary 
15.11 The latter part for the local structure in Corollary 15.11 has been solved in another way 
by Shen-Yildirim ([19]). 



Proof of Corollary \5.1 



We use Theorem l3.1l to prove the first part of Corollary 15. II In this case we only require 
that the scalar flag curvature given by (TT61 be a constant K = K. Then by (Tl7j]) we have 

[A + (5 + 4& 2 )r 2 - K]a i + (n- 3r 2 - 4K)(3a 3 

-6K(3 2 a 2 - 4K(3 3 a ~ K(3 4 = 0. (71) 

It is easy to see that (ITT)) is equivalent to 

(r) - 3r 2 - AK)a 2 - AKfi 2 = 0, (72) 

[A + (5 + 4fe 2 )r 2 - K] a 4 - QKj3 2 a 2 - Kj3 4 = 0. (73) 
Now by (|72j) and ([73]) we easily get 

K = 0, A = -(5 + 4fe 2 )r 2 , 77 = 3r 2 . 

Now the first part of Corollary 15.11 has been proved. 
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Next we use Theorem 14.11 to prove the second part of Corollary 15.11 We only need to 
simplify the conditions (frJg)) and (IrJTl) . 

By (fCTj) and the first formula in (1551) we get 

fi(l - b 2 ) 2 - 4(1 + b 2 )r 2 + (5 + 46 2 )r 2 = 0. (74) 

Plug {55]), (JSU) and {S5J into {H]) and then we get 

(l + MM 2 ) 3 (fc 2 + /J + /j|a| 2 ) 



where a is defined by (|52l) . Therefore by (|75|) we get 



= 0, (75) 



^-4 (76) 

If k = 0, then /i = by (|76|) . In this case, we see from (|5"Tj) and (|52|) that a is flat and /3 is 
parallel. If k ^ 0, we plug (|76|) into ([5Tj) and then put 

k = Sd, a = ^, 1 + |a| 2 = <5 2 , 

and next put 

S — k, d 2 — a — a, 



and finally we get 

(fc+(a,x)) 2 



2-^, M<0, (77) 

1 (k+(a,x)) 2 f (a,y) _ n(x,y) 
^ l + ^|a:| 2 \k+{a,x) l + /^|a;| 2 



1 +n\x\ 

r 1 (k+{a,x))- f {a,y) [J>{x,y) \ 

P s/=u l + u\x\ 2 \k+la,x) l + u\x\ 2 )' 1 ' 



Thus by choosing another system x l — ^/—fix 1 and a scaling on F we obtain (j6"9l and (|7D|) . 

Q.E.D. 

6 Proof of Theorem 11.21 

To prove Theorem II .21 we need the following lemma. 



Lemma 6.1 Let a — W aijy l y3 be an n- dimensional Riemannian metric of constant sec- 
tional curvature fi and j3 = biy 1 is a 1-form on M . If j3 satisfies 

= -2ca i3 , (79) 

where c — c(x) is a scalar function on M , then 

/:=|Vc| 2 +fic 2 (80) 

is a constant in case of n > 3, where Vc is the gradient of c with respect to a. If n > 2 and 
M is compact without boundary, then c = if fi < and c = constant if [i = 0. 
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Proof : It has been proved in [17] that for n > 3, c in (|75|) satisfies 

Cju + /ic/ijj = 0, (81) 

where Cj := c x t and the covariant derivatives Cju are taken with respect to a, and for n > 2, 
c in (|79l) satisfies 

Ac + 7i/ic = 0, (82) 
where A is the Laplacian of a. Now by (|5Tj) we have 

(c*Cj + ^c 2 )| fc = 2(c l c i | fc + ficc k ) = 2(-ucc k + ucc k ) = 0, 

where c' := a^Cj. So / in (f5U|) is a constant. Next by (|5CJ)) we have 

||Vc|| 2 = div(cVc) - cAc = div(cVc) + nuc 2 . 

Therefore if M is compact without boundary, we get 

/ ||Vc||* dV a = nn { c 2 dV a . (83) 

J M JM 

Then it follows from (|83j) that c = if fx < and c = constant if it = 0. 

Now we begin to prove Theorem II .21 as follows. 

Case I: Assume F is of constant flag curvature. 

We have two ways to prove Theorem ll.2f i). One way is to use Corollary 15.11 Since 
the square metric determined by (|69]) and ([70]) is incomplete (also see [19]), Theorem II .2f i) 
naturally holds. The other way is to use the proofs of Theorem 14.11 and Corollarv l5.ll Since 
for a square metric of constant flag curvature (n > 2), we have (fT2"l). (|13|) . ([M)) and (|68|). 
Therefore, by the proofs of Theorem 14.11 and Corollary 15. II we have (I75|) . Thus /x < 0, and 
so Theorem 1 1 . 2f ii) (iic) does not occur. Then Theorem II .2f ii) implies Theorem II. 2 f i). 

Case II: Assume F is of scalar flag curvature. 

Under the deformation (|54l) . we have proved that h is of constant sectional curvature /i 
and u> satisfies ([57]). So we have (UJ for some scalar function c = c(x). Then by (H} and 
Lemma 16. II 6 defined by ^ is a constant, and c = if /i < and c = constant if /i = 0. 

Let /i take the local form (|62|) . All the relevant symbols in the following are the same as 
that in Section |H Now c in ([T]) can be expressed as 

__-k + n{a,x) (g4) 



2^/1 + u\x 



2 



Case IIA: Assume /i < 0. We have c = 0. By ([84). we have fc = 0, a = 0. Then by ([63]) 
we get Wi = 0. Thus (|66|) shows a = h, f3 = Q. Therefore, F is Riemannian in this case. 

Case IIB: Assume \i = 0. We have c = — fc/2 = constant. We will show that fc = 0. 
Assume k ^ 0. Note that r in ([57| is defined on the whole M and (|64|) gives a local 
representation of r. By /j = and (f64j) we have 



fc fc 

r = 



(fc 2 |x| 2 + 2fc(a, x) + |a| 2 + l) 3 (1 + \kx + a| 2 ) 3 ' 
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So we have r^Oon the whole M. Now define 

'=-#-»■ 

Then / is also defined on the whole M, and locally we have 

/ = k 2 \x\ 2 +2k(a,x) + \a\ 2 + 1. 

Since p = 0, we have 

f\i\j — fx*xi — 0%j — 2k hij , 

where the covariant derivatives are taken with respect to h. By the above we have 

Af = 2k 2 n, 

where A is the Laplacian of h. Integrating the above on M yields 

0=/ AfdV h = 2k 2 n dV h = 2k 2 nVol h {M). 

Obviously it is a contradiction since k ^ 0. So we have k — 0. Thus by ([63]) . (1651) and (|66|) 
we easily conclude that a is flat and /3 is parallel with respect to a. 

Case IIC: Assume p > 0. By (|84|) . we can rewrite ([ST]) as 

a = 4fi-\p 2 - c 2 )h, P = ApT* vV - c 2 c , (85) 

where p is defined by 

a . = fc 2 + (l + |fl| 2 )^ 
9 ' 4 

We will prove that p 2 is actually given by By (1551) . (|65|) and ([85]) we get 

||Vc||^^ Cj . = ^ 2 - 4 4c2 -^ . (86) 

Then by © and (|BS|), we obtain p 2 given by (g]). Now using flM]), we obtain © by (|55)l . 

Finally, we prove the inequalities © satisfied by K by aid of ([5]). Firstly, we evaluate 
the term (3 /a. By ([85]) and then by (2]) we get 

101 1 I c « I 



a ^/TV/j 2 - c 2 /i 



< 



|Vc|U _ v 7 ^- 1 - c 2 



2 



Define 



< ; = = ; (87) 

" ViyH^ v/45 2 + M 2 



:= y£T,M |-|, £ := Sup x6M f(a 



Then by (57} we nave 



cm- .-yr^f ., es 24 
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By ([55]) we can get c 2 in terms of £(x). Then it follows from (|88[1 that 



(i + -<?)<(! + f (*))<„> -<?) = W ^ m < jff^y, (89) 

(1 + I - «■) > (1 - - <= 2 ) - > jpL. (90) 

Now by ©, (HU) and ^9DJ) we get 

*±<d (1 _ { ).<K<*±*W. (9i) 

Then by ([55]) and dH]) we immediately obtain ©. Q.E.D. 
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